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DAVISON TYPE INTEGRAL CONTROLLERS
FOR TIME-DELAY PLANTS USING A
SIMPLIFIED PREDICTOR
J. Wu,∗ T. Ishihara,∗∗ and Q.M.J. Wu∗∗∗

mal controller is relatively high. It is desirable to reduce the
amount of on-line computation for practical applications.
In this paper, we propose a suboptimal Davison type
integral controller, which requires less on-line computation
for a time-delay plant. By a simple trick with the separation principle, the suboptimal controller is constructed
by replacing a part of the optimal predictor with a Smith
predictor [3].
As a systematic method for determining the design parameters of the proposed controller, we consider the application of the loop transfer recovery (LTR) technique [4, 5].
The LTR techniques for time-delay plants have been well
discussed for the LQG controllers [6–8]. It is worth noting
that Wu et al. [9] have discussed the LTR design of the optimal Davison type integral controllers for time-delay plants.
Although the simpliﬁed predictor is used, the structure
of the proposed controller is still complex when compared
with the standard LQG controller. For transparent discussion of the feedback properties, we use decompositions
of the sensitivity matrices rather than the loop transfer
function matrices. The decompositions are related to a factorization of the controller transfer function matrix. Using
the decompositions, we can easily derive explicit representations of the sensitivity matrices achieved by enforcing
the formal LTR procedure. The meaning of enforcing the
formal LTR procedure is discussed using the explicit representations. A numerical example is presented to compare the achievable feedback properties with those of the
optimal controller.
Section 2 introduces the suboptimal controller using a
simpliﬁed predictor. In Section 3 the application of the
LTR procedure is discussed. In Section 4 a numerical
example is presented to illustrate the performance of the
suboptimal controller. Concluding remarks are given in
Section 5.

Abstract
A suboptimal Davison type integral controller for time-delay plants
is proposed which requires less on-line computation than that for
the optimal controller. The proposed suboptimal controller utilizes
a simpliﬁed predictor, which replaces a part of the optimal predictor
with a Smith predictor. As a systematic method for designing the
proposed controller the application of the loop transfer recovery
(LTR) technique is discussed.

For the plant input side and the

plant output side, explicit representations of the sensitivity matrices
achieved by enforcing the formal LTR procedure are obtained. A
numerical example is presented to compare the asymptotic feedback
properties with those of the optimal design.
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1. Introduction
Integral controller design for a time-delay plant is often
required in various control applications. It is well-known
that an important class of the integral controllers can be
obtained as a special case of the robust servosystems proposed by Davison [1]. The Davison type integral controller consists of the external feedback loop for integral
compensation and the internal loop for the observer-based
stabilization. Using the separation principle, Watanabe
[2] proposed a design for an optimal Davison type integral
controller for a time-delay plant. The optimal controller
includes the optimal predictor for the extended plant, consisting of the plant and the integrators inserted to the plant
output. As the optimal predictor requires on-line numerical
integrations, the computational requirement for the opti∗
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2. Suboptimal Controller Using a Simplified Predictor
2.1 Problem Formulation
Consider a plant with a time-delay:
ẋ(t) = Ax(t) + Bu(t),
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y(t + τ ) = Cx(t)

(1)

where x(t) ∈ Rn is a state vector, u(t) ∈ Rm is an output
vector, y(t) ∈ Rm is a control input and τ is a time-delay. It
is assumed that (A, B, C) is minimal and minimum phase.
In addition, C(sI − A)−1 B is assumed to be non-singular
for almost all s.
For the time-delay plant (1), we propose a suboptimal
Davison type integral controller using a simpliﬁed predictor. The controller is constructed by a simple trick with
the separation principle.
2.2 Optimal State Feedback Design For Delay-Free
Case

Figure 1. State feedback integral controller for delay-free
plant.

Assume that the plant is delay-free (τ = 0) and that the
state x(t) is measurable. Consider the extended system

2.3 Suboptimal Controller for Time-Delay Plant

˙ = Φξ(t) + Γu(t),
ξ(t)

η(t) = Hξ(t)

A suboptimal controller for the time-delay plant is constructed by a simple trick with the separation principle.
Let us regard the control system in Fig. 1 as a unity
feedback control system for a ﬁctitious plant given by the
matrix C and a ﬁctitious controller Cf (s), corresponding
to the area enclosed by the dotted line in Fig. 1. Note that
the time-delay plant (1) can be obtained by replacing the
ﬁctitious delay-free plant, C, in Fig. 1 with the ﬁctitious
time-delay plant e−τ s C. Applying the well known Smith
method [3] to the time-delay plant e−τ s C, we can easily
show that the controller, Cf (s), for the delay-free plant C
can be used for the time-delay plant e−τ s C, as shown in
Fig. 2, where (1 − e−τ s )C is the Smith predictor.

(2)

where η(t) ∈ Rm is a state vector of the integrators and
⎡ ⎤
B
Δ
⎦, Γ = ⎣ ⎦, H =
[0 I]
ξ(t) = [x (t) η  (t)] , Φ = ⎣
0
C 0
(3)
Deﬁne the quadratic performance index as
⎡

Δ

Δ

Δ

J=


0

∞

⎤

A 0

Δ

[η  (t)Qη(t) + u (t)Ru(t)]dt

(4)

where Q > 0 and R > 0. Consider a non-negative deﬁnite
solution P of the Riccati equation:
Φ P + P Φ − P ΓR−1 Γ P + H  QH = 0

(5)

Then the optimal state feedback gain matrix is given by
Δ

F = R−1 Γ P

(6)

Figure 2. State feedback integral controller with the Smith
predictor for e−τ s C.

Deﬁne the partition of F compatible with the vector ξ(t)
in (3) as

The control input for the real time-delay plant in Fig.
2 is given by
 t
[r(σ) − y(σ)]ds
u(t) = −Fx x(t) + Fy
0
 τ
C[x(σ) − x(σ − τ )]dσ
(9)
− Fy

F = [Fx

Fy ]

(7)

Using the state feedback matrices (8), we can construct a
state feedback integral controller as

u0 (t) = −Fx x(t) + Fy

0

t

[r(σ) − y(σ)]dσ

0

By the separation principle, the output feedback controller can be realized by replacing the state x(t) by its
predicted value. The prediction of x(t), based on the measured output y(σ) (0 ≤ σ ≤ t), is obtained by cascade connection of an observer and a state predictor. The observer
for (1) is given by

(8)

where r(t) is a reference input vector and y(σ) = Cx(σ).
The structure of the optimal state feedback integral controller for a delay-free case is shown in Fig. 1.

˙
x̂(t)
= Ax̂(t) + Bu(t) + K[y(t + τ ) − C x̂(t)]
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(10)

where x̂(t) is an estimate of x(t) based on the measured
output up to t + τ . Note that, at time t, the observer
generates the state estimate x̂(t − τ ). The estimate is used
in the state predictor to generate the prediction of the state
x(t), based on the measured output up to t
 t
eA(t−σ) Bu(σ)dσ
(11)
x̂τ (t) = eAτ x̂(t − τ ) +

3. Formal Application of LTR Procedures
To design the integral controller introduced in the previous
section, the determination of the two matrices, F and
K, is required. In this section, we propose the use of
the LTR technique, which is a two-step method for the
eﬃcient determination of the matrices. Although the
LTR techniques were originally developed for minimum
phase plants, it has been widely recognized that the LTR
procedures can be used for a class of non-minimum phase
systems [4–11].
For the new integral controller, targets appropriate for
the LTR design at the plant input side and those at the
plant output side are not obvious. We clarify the feedback
properties achieved by enforcing the formal LTR procedure
using Riccati equations. As the structure of the controller
is complex, we use the decomposition of sensitivity matrices
to simplify the discussion. The explicit representations of
the sensitivity matrices achieved by enforcing the formal
LTR procedures are obtained. From the expressions, we
can ﬁnd the LTR procedures, for the new integral controller
using the simpliﬁed predictor.

t−τ

Now the separation principle is applied to obtain an
output predictor feedback controller. From (9) and (11),
the control input for the output feedback case can be
deﬁned as
 t
[r(σ) − y(σ)] dσ
u(t) = −Fx x̂τ (t) + Fy
0
 t
C[x̂τ (σ) − x̂τ (σ − τ )] dσ
(12)
− Fy
0

The structure of the output feedback controller is
shown in Fig. 3. The Laplace transform of the control
input (12) is expressed as
u(s) =

1
Fy [r(s) − y(s)] − FC (s)x̂τ (s)
s

(13)

3.1 Plant Input Side

where
Δ

FC (s) =

1
(1 − e−τ s )Fy C + Fx
s

First, we consider the LTR design, taking notice of the
feedback properties at the plant input side (the point Pu
in Fig. 3). The following result is necessary to obtain the
expression of the sensitivity matrix.

(14)

Proposition 1 : The transfer function matrix from
the measured output y(t) to the input u(t) in the output feedback integral controller shown in Fig. 3 can be
expressed as
−1

Cτ (s) = −V τ (s) U τ (s)
Figure 3. Output feedback integral controller for timedelay plant.

where

It should be noted that the output feedback controller
shown in Fig. 3 is constructed by the combination of the
Smith predictor and the optimal state predictor for x(t).
The control input (12) includes only the prediction of the
state vector x(t). On the other hand, the optimal predictor
used by Watanabe [2] requires the numerical integration
not only for the state vector x(t) of the plant but also for
the state vector η(t) of the integrators. The control input
of the controller using the optimal predictor is given by

 τ
Aτ
CeAσ dσ
x̂(t − τ )
u(t) = − Fx e + Fy
o

 t
t
eA(t−σ) Bu(σ)dσ
+ Fy [r(σ) − y(σ)]dσ−Fx
0


− Fy

t

t−τ

(16)

U τ (s) =

1
Fy + FC (s)eAt (sI − A + KC)−1 K
s

(17)

V τ (s) = I + FC (s)(I − e−(sI−A)τ )(sI − A)−1 B
+ FC (s)e−(sI−A)τ (sI − A + KC)−1 B
Proof :

Note that


L

(18)

t

t−τ

eA(t−σ) Bu(σ)dσ

= (I − e−(sI−A)τ )(sI − A)−1 Bu(s)

(19)

t−τ



t−τ
0



CeAσ dσ  Bu(σ)dσ

Using the above Laplace transform, we can write the
Laplace transform of the state predictor (11) as

(15)

It is obvious, from (12) and (15), that the use of
the simpliﬁed predictor considerably reduces the on-line
computation for the numerical integration.

x̂τ (s) = e−(sI−A)τ x̂(s) + (I − e−(sI−A)τ )(sI − A)−1 Bu(s)
(20)
246

Assume that r(s) = 0. It follows, from (12) and (20),
that
1
u(s) = − Fy y(s) − FC (s)[e−(sI−A)τ x̂(s)
s
+ (I − e−(sI−A)τ )(sI − A)−1 Bu(s)]

For eﬃcient determination of the parameters of the
output feedback integral controller in Fig. 3, we show
that the standard LTR procedure for LQG controllers can
be used for the LTR design, targeting the state feedback
integral controller shown in Fig. 2.
Assume that the observer gain matrix, K, in (10) is
determined as a Kalman ﬁlter gain matrix [12]. Introduce
the Riccati equation

(21)

where FC (s) is deﬁned in (14). The Laplace transform of
the state estimate generated by the observer (10) can be
written as
x̂(s) = (sI − A + KC)−1 [Keτ s y(s) + Bu(s)]

Pf A + APf − Pf C  Θ−1 CPf + ρBB  = 0

(22)

(29)

where Θ is a positive deﬁnite matrix and ρ is a positive
scalar parameter. The Kalman gain matrix is given by

From (21) and (22), we have
K = Pf C  Θ−1

1
u(s) = − Fy y(s) − FC (s)eAτ (sI − A + KC)−1 Ky(s)
s
τ
+ FC (s)[(I − e−(sI−A) )(sI − A)−1 B
+ e−(sI−A)τ (sI − A + KC)−1 ]u(s)

For the above choice of the observer gain matrix, we
obtain the following result.

(23)
Proposition 4 : Consider the output feedback integral controller shown in Fig. 3. Assume that the observer
with the gain matrix K, determined by (29) and (30), is
used in the controller. Then the sensitivity matrix (25) at
the plant input side satisﬁes the asymptotic relation

It follows from (23) that the controller transfer function
matrix is expressed as (16).

Remark 1 : Note that (16) is not a factorization by
proper and stable matrices, as the matrix (17) is not stable.
Stable factorization is not required for our purpose.
The following result can easily be obtained from the
above result.

lim Στ (s) = ΣSF
τ (s)

ρ→∞

Δ

Στ (s) = [I − Cτ (s)C(sI − A)−1 B]−1

(24)

Proof : Let K(ρ) denote the Kalman ﬁlter gain matrix
obtained from (29) and (30). It is well-known [12] that, for
suﬃciently large ρ, the Kalman ﬁlter gain matrix can be
expressed as

(25)

K(ρ)  ρ1/2 BΘ−1/2

can be expressed as
Στ (s) = Σ(s)V τ (s)
where
Δ

Σ(s) = I +

1
Fy C + Fx (sI − A)−1 B
s

(26)

[sI − A + K(ρ)C]−1 B = (sI − A)−1 B
× [I + ρ1/2 Θ−1/2 C(sI − A)−1 B]−1 → 0 (ρ → ∞)

and V̄τ (s) is deﬁned in (18).
It can be shown that the matrix (26) coincides with the
sensitivity matrix for the state feedback without the timedelay (τ = 0). For the state feedback with the time-delay
τ > 0, we can easily show the following result.

(33)
we can easily show that
SF

lim V τ (s) = V τ (s)

ρ→∞

Proposition 3 : Consider the state feedback integral
controller for the time-delay plant shown in Fig. 2. The
sensitivity matrix at the plant side can be expressed as

Δ

(34)

The relation (31) follows from (25), (27) and (34).

The above result suggests that the state feedback
integral controller with the simpliﬁed predictor given in
Proposition 3 can be regarded as a recoverable target for
the formal LTR procedure at the plant input side. From
this result, we can use the LTR procedure to determine the
controller parameters considering the feedback properties
at the plant input side. First, determine the target by
choosing the state feedback matrices, Fx and Fy , such that

(27)

where
V̄τSF (s) = I + FC (s)(I − e−(sI−A)τ )(sI − A)−1 B

(32)

Noting that

−1

SF
ΣSF
τ (s) = Σ(s)V̄τ (s)

(31)

where ΣSF
τ (s) is the sensitivity matrix deﬁned in (27) for
the state feedback integral controller with the simpliﬁed
predictor.

Proposition 2 : Consider the output feedback integral controller shown in Fig. 3. The sensitivity matrix at
the plant input side



(30)

(28)

and Σ(s) is deﬁned in (26).
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Δ

Vτ (s) = Vτ∗ (s) + e−τ s C[sI − A + BF (s)]−1 KB (s) (39)

the state feedback controller with the simpliﬁed predictor
has desirable feedback properties. The expression (27) can
be used in this step. Then the scalar parameter, ρ, is
determined such that the output feedback controller with
Fx , Fy and K(ρ) has feedback properties suﬃciently close
to the target properties.

Δ

F (s) =
Δ

Vτ∗ (s) = I + C(I − e−(sI−A)τ )(sI − A)−1 K

Remark 2 : Unlike the targets of the standard
LQG/LTR design, for example, LQ regulators, The target
does not possess guaranteed stability margins (27) can
conveniently be used to ﬁnd an appropriate target. Note
that the state feedback integral controller without the
time-delay possesses the large stability margins if the feedback gain matrix, F , deﬁned in (7) for the extended system
(2), is determined as an optimal feedback gain matrix for
the quadratic performance index (4). Then the sensitivity
matrix Σ(s), deﬁned in (26), has a nice property. (27),
where V̄τSF (s), deﬁned in (28), explicitly represents the
eﬀect of the time-delay, is useful for determining the target
feedback properties.

1
Δ
KB (s) = eAτ K − BFy Vτ∗ (s)
s

OSF

(s)

(41)
(42)

Proposition 6 : Consider the output feedback integral controller shown in Fig. 3. The sensitivity matrix at
the plant output side
Δ

Πτ (s) = [I − C(sI − A)−1 BCτ (s)]−1

(43)

can be expressed as
Πτ (s) = Vτ (s)Π(s)

(44)

where
Δ

Π(s) = [I + C(sI − A)−1 K]−1

(35)

(45)

is the sensitivity matrix for the observer and Vτ∗ (s) is
deﬁned in (41).

where

1
Δ
V̄τOSF (s) = I + Fx + Fy C (I − e−(sI−A)τ )
s
 τ
1
eAσ dσ B
× (sI − A)−1 B − e−τ s Fy C
s
0
(36)

Proof : Using the right factorization of the controller
transfer function matrix, we can write the sensitivity matrix as
Π(s) = Vτ (s)[I + C(sI − A)−1 K + Ξτ (s)]−1

3.2 Plant Output Side

(46)

where

For the plant input side, the left factorization form (16)
of the controller transfer function matrix simpliﬁes the
discussion. To discuss the sensitivity property at the
plant output side (the point Py in Fig. 3), it is convenient
to introduce a right factorization form of the controller
transfer function matrix. The right factorization is given
as follows.

Δ

Ξτ (s) = −C(sI − A)−1 e−(sI−A)τ K
+ e−τ s C[sI − A + BF (s)]−1 KB (s)
+ e−τ s C(sI − A)−1 BF (s)C[sI − A
+ BF (s)]−1 KB (s)
+

Proposition 5 : The transfer function matrix, Cτ (s),
from the measured output y(t) to the input u(t) in the
output feedback integral controller shown in Fig. 3, can be
expressed as
Cτ (s) = −Uτ (s)Vτ−1 (s)

(40)

Proof : The derivation requires long matrix calculations. See Appendix.

Using the above factorization, we have the following
result.

Remark 3 : The controller using the optimal state
predictor for the extended system can be designed by the
LTR technique [9]. Then the target for the LTR at the
plant input side is a state feedback integral controller using
the state predictor. It can be shown that the target control
system has the sensitivity matrix given by
ΣOSF
(s) = Σ(s)V τ
τ

1
Fy C + Fx
s

(47)

Simple matrix calculation shows that
1
Ξτ (s) = e−τ s C(sI − A)−1 −eAτ K + KB (s) + Fy Vτ∗ (s)
s
(48)
Using (42) in (48), we have

(37)

where
1
Δ
Uτ (s) = F (s)[sI − A + BF (s)]−1 KB (s) + Fy Vτ∗ (s) (38)
s

e−τ s
C(sI − A)−1 BFy Vτ∗ (s)
s

Ξτ (s) = 0
The expression (44) follows from (46) and (49).
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(49)


The standard LQG/LTR method for the plant output
side utilizes a scalar parameter related to the weighting
matrices of a quadratic performance index as a recovery
parameter. For the output feedback controller shown in
Fig. 3, we clarify the asymptotic sensitivity property at the
plant output side using Preposition 6.
Let F (q) denote the feedback gain matrix (6) determined by the performance index (4) with the weighting
matrix
Q = qI

Using (55) in (56), we obtain
VτA (s) = lim I +
q→∞

× C(sI − A)−1 eAτ K = 0

q 1/2
C(sI − A)−1 BR−1/2
q→∞ s

× I+

lim q −1/2 R1/2 F (q) = H

−1

Vτ∗ (s)
(60)

Note that the non-singularity assumption on C(sI −
A)−1 B is used in (59) and (60). The expression (51)
follows from (44), (58), (59) and (60).

Unlike the plant input side, it seems diﬃcult to give
clear system-theoretic meaning on the recoverable sensitivity matrix (51). It is well-known that, for the standard
LQG/LTR method, the feedback properties achieved at
the plant output side are dual to those at the plant input
side. For the optimal Davison type integral controller, the
duality is not apparent but has been found as remarked
below.

(51)

where Vτ∗ (s) and Π(s) are deﬁned in (41) and (45), respectively.
Proof : Using the well known result for the asymptotic property of the optimal feedback gain matrix [12], we
have
q→∞

q 1/2
C(sI − A)−1 BR−1/2
s

= Vτ∗ (s)

Proposition 7 : Consider the output feedback integral controller shown in Fig. 3. The sensitivity matrix
at the plant input output side given by (44) satisﬁes the
asymptotic relation
q→∞

(59)

VτB (s) = lim

where q is a positive scalar parameter.
For the weighting matrix (50), the asymptotic sensitivity matrix with respect to the parameter q is given by
the following result.

Δ

−1

From (55) and (57), we have

(50)

Π∗τ (s) = lim Πτ (s) = (1 − e−τ s )Vτ∗ (s)Π(s)

q 1/2
C(sI − A)−1 BR−1/2
s

Remark 4 : Wu et al. [9] have shown that, for
the Davison type integral controller using the optimal
predictor, the asymptotic sensitivity matrix achieved at
the plant output side is given by

(52)

OP
ΠOP
(s)Π(s)
τ (s) = Vτ

where H is the matrix deﬁned in (3). Deﬁne the partitions
of F (q) as

(61)

where
Δ

F (q) = [Fx (q)

Fy (q)]

VτOP (s) = I + C(I − e−(sI−A)τ )(sI − A)−1 K − e−τ s
 τ
eAσ dσ K
(62)
× I +C

(53)

It follows from (3) and (52) that
lim q −1/2 R1/2 Fx (q) = 0,

q→∞

0

lim q −1/2 R1/2 Fy (q) = I

In addition, it has been found that the above sensitivity
matrix is related to an estimation problem, which suggests
that hidden duality exists for the controller using the
optimal state predictor.
We conjecture that a hidden duality exists for the controller with the simpliﬁed predictor. For the moment, however, we cannot ﬁnd a dual estimation problem related to
the sensitivity matrix (51). Although the system-theoretic
meaning of the recoverable target is not clear, Proposition 7 gives the LTR procedure focused on the plant
output side. First, determine the observer gain matrix,
K, such that the sensitivity matrix, Π∗τ (s), given by (51),
and the complementary sensitivity matrix I − Π∗τ (s), have
desirable feedback properties. Then the scalar parameter,
q, is determined such that the output feedback controller
with Fx (q), Fy (q) and K has the feedback properties sufﬁciently close to feedback properties given by Π∗τ (s) and
I − Π∗τ (s).

q→∞

(54)
For suﬃciently large values of q, Fx (q) and Fy (q) can
be approximated by
Fx (q)  0,

Fy (q)  q 1/2 R1/2

(55)

Using the above asymptotic properties, we derive the
asymptotic expression of the matrix Vτ (s).
Δ

VτA (s) = lim C[sI − A + BF (s)]−1 eAτ K
q→∞

Δ

VτB (s) = lim C[sI − A + BF (s)]−1
q→∞

(56)

q 1/2
BR−1/2 Vτ∗ (s)
s
(57)

It then follows from (39) that
lim Vτ (s) = Vτ∗ (s) + VτA (s) − e−τ s VτB (s)

q→∞

Remark 5 : If the observer gain matrix K is determined as a Kalman ﬁlter gain matrix, the sensitivity

(58)
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matrix, Π(s), deﬁned in (45) has a nice property. The
term (1 − e−τ s )Vτ∗ (s) in (51) represents the eﬀect of the
time-delay, τ , on the sensitivity matrix.

controller designs. The comparison of the asymptotic
feedback properties of the two designs as q → ∞ is shown
in Fig. 4. For the optimal design, the gain characteristics
are calculated using (61) and (62). The two designs
provide almost the same feedback properties in the low
frequency region. In the frequency region higher than 0.1
rad/sec, however, signiﬁcant diﬀerence exists between the
complementary sensitivity functions. It is tempting to
conclude that the controller using the simpliﬁed predictor
has a better robustness property against uncertainty in a
high frequency region. Special care should be taken in
interpreting the diﬀerence in Fig. 4. It should be noted
that Fig. 4 shows the limiting characteristics that converge
pointwise in s. For ﬁnite q, the gain characteristics of
the complementary sensitivity functions for both designs
decrease with 40 dB/dec in a frequency region higher than
a frequency determined by q as shown in Fig. 5 for
q = 105 . It is seen that the two designs provide almost
the same feedback properties for all frequencies. It can
be concluded that, as far as the designs with ﬁnite q are
concerned, the use of the simpliﬁed predictor does not
provide better robustness, but provides almost the same
robustness property as the optimal controller.

Remark 6 : The expression (51) implies that Πτ (0) =
0 for τ ≥ 0, which reﬂects the integral action.
Remark 7 : In the delay-free case (τ = 0), (51) reduces to Π0 (s) ≡ 0, that is, zero sensitivity is achieved at
the plant output side as q → ∞. This is a unique characteristic of the Davison type controller. The standard
LQG/LTR design cannot provide this characteristic.
4. Illustrative Example
The purpose of this section is to provide numerical illustration of the eﬀect of simplifying the predictor on the
feedback properties. Consider a simple heat exchanger [13]
given by
G(s) =

e−5s
(1 + 10s)(1 + 60s)

(63)

For the above plant, the feedback properties of the
integral controller using the simpliﬁed predictor are compared with those of the optimal design [9]. As the Davison
type integral controller has distinctive feedback properties
at the plant output side as pointed in Remark 7, we give
the results only for the plant output side.
For the realization
⎡
−0.017
A=⎣
0

−0.017
−0.1

⎤
⎦,

⎡
B=⎣

5. Conclusion
A new integral controller for time-delay plants has been
proposed. The controller utilizes a simpliﬁed predictor,
which reduces real-time computation required for the optimal design. As a systematic design procedure, the application of the LTR technique is proposed. For a simple
plant, the achievable feedback properties are numerically
compared with those of the optimal controller. The results suggest that the new controller can achieve feedback
properties nearly the same as in the optimal design.
The method used in [8], based on the partial recovery
technique [11], can be used to extend the present result to

⎤
0

⎦,

0.1

C = [1

0]
(64)

the Kalman ﬁlter is designed for Θ = 1 and ρ = 100 in
(29). The same Kalman ﬁlter is used for both integral

Figure 4. Comparison of asymptotic feedback properties.
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Figure 5. Comparison of feedback properties for q = 105 .
Appendix: Proof of Proposition 6

the case in which the lumped part of the plant has unstable
zeros.

Deﬁne the matrices


Δ A 0
Δ B
Ã =
, B̃ =
,
0 0
0

References
[1] E.J. Davison & I.J. Ferguson, The design of controllers for the
multivariable robust servo-mechanism problem using parameter
optimization methods, IEEE Trans. on Automatic Control,
26(1), 1981, 93–110.
[2] K. Watanabe, Predictor control having the Y-type structure
for systems with delay in input, Trans. of Society of Instrument
and Control Engineers, 21(9), 1985, 928–933.
[3] O.J.M. Smith, Closer control of loops with deadtime, Chemical
Engineering Progress, 53, 1957, 217–219.
[4] A. Saberi, P. Sannuti, & B.M. Chen, Loop transfer recovery
(New York: Springer-Verlag, 1993).
[5] G. Stein & M. Athans, The LQG/LTR procedure for multivariable feedback control design, IEEE Trans. on Automatic
Control, 32(2), 1987, 105–114.
[6] W.H. Kwon & S.J. Lee, LQG/LTR methods for linear systems
with delay in state, IEEE Trans. on Automatic Control, 33(7),
1988, 681–687.
[7] S. J. Lee, W. H. Kwon, & S.W. Kim, LQG/LTR methods for
linear input-delayed systems, International Journal of Control,
47(5), 1988, 1179–1194.
[8] J. Wu, T. Ishihara, & H. Inooka, Loop transfer recovery
technique for time-delay systems with non-minimum phase
lumped part, Trans. of Institute of Systems, Control and
Information Engineers, 9 (5), 1996, 236–245.
[9] J. Wu, T. Ishihara, & X.G. Wang, Design of predictor-based
integral controllers via LTR for plant output side, Proc. of the
4th Asian Control Conf., Singapore, 2002, 477–482.
[10] Z. Zhang & J.S. Freudenberg, Loop transfer recovery for nonminimum phase plants, IEEE Trans. on Automatic Control,
33(7), 1990, 547–553.
[11] J.B. Moore & L. Xia, Loop recovery and robust state feedback
design, IEEE Trans. on Automatic Control, 32(6), 1987, 512–
517.
[12] B.D.O. Anderson & J. B. Moore, Optimal control (Englewood
Cliﬀs, NJ: Prentice-Hall, 1990).
[13] G.F. Franklin, J.D. Powell, & A. Emami-Naeini, Feedback
control of dynamic systems (Reading, MA: Addison-Wiseley,
1986).

Δ

F̃ (s) = [FC (s)


K
C̃ = [C 0], K̃ =
,
0
(A.1)

Δ 0
Fy ], I˜ =
I
Δ

Δ

where the matrix FC (s) is deﬁned in (14). Then the
controller transfer function (16) can be expressed as
Cτ (s) =−[I + F̃ (s)(I − e−(sI−A)τ )(sI − Ã)−1 B̃
+ F̃ (s)e−(sI−Ã)τ (sI − Ã + K̃ C̃)−1 B̃]−1
˜
× F̃ (s)eÃτ (sI − Ã + K̃ C̃)−1 (K̃ + I)

(A.2)

which can be rewritten as
Cτ (s) =−F̃ (s){I + [I + (I − e−(sI−Ã)τ )(sI − Ã)−1 K̃ C̃]
× (sI − Ã + K̃ C̃)−1 B̃ F̃ (s)}−1
˜
× eÃτ (sI − Ã + K̃ C̃)−1 (K̃ + I)

(A.3)

Deﬁning the matrix
Δ

D̃(s) = I + (I − e−(sI−Ã)τ )(sI − Ã)−1 K̃ C̃

(A.4)

we can write (A.3) as
Cτ (s) = −F̃ (s)[D̃−1 (s) + (sI − Ã
+ K̃ C̃)−1 B̃ F̃ (s)]−1 D̃−1 (s)
˜
× eÃτ (sI − Ã + K̃ C̃)−1 (K̃ + I)
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(A.5)

Multiplying (sI − Ã) from the left and D̃−1 (s) from
the right of (A.4) yields

Then the matrix identities
C̃ D̃−1 (s) = Δ̃−1 (s)C̃

(sI − Ã + K̃ C̃)D̃−1 (s) = (sI − Ã) + e−(sI−Ã)τ K̃ C̃ D̃−1 (s)
(A.6)
It follows from (A.5) and (A.6) that

Ẽ −1 (s)K̃ = K̃ Δ̃−1 (s)

hold. In addition, it follows from (A.1) and (A.8) that
Ẽ −1 (s)I˜ = I˜

Cτ (s) = −F̃ (s){[sI − Ã + B̃ F̃ (s)]
+ e−(sI−Ã)τ K̃ C̃ D̃−1 (s)}−1

(A.18)

Substituting (A.17) and (A.18) into (A.15) yields

× (sI − Ã + K̃ C̃)D̃−1 (s)eÃτ (sI − Ã
˜
+ K̃ C̃)−1 (K̃ + I)
(A.7)

Cτ (s) = −F̃ (s)[sI − Ã + B̃ F̃ (s)
˜
+ e−(sI−Ã)τ K̃ Δ̃−1 (s)C̃]−1 eÃτ (K̃ Δ̃−1 (s) + I)
(A.19)

Introduce the matrix
Δ

Ẽ(s) = I + K̃ C̃(I − e−(sI−Ã)τ )(sI − Ã)−1

Noting that

(A.8)

eÃτ I˜ = I˜

which satisﬁes the relation:

(A.20)

holds by deﬁnition, we can rewrite (A.19) as

Ẽ −1 (s)(sI − Ã + K̃ C̃) = (sI − Ã) + Ẽ −1 (s)K̃ C̃e−(sI−Ã)τ
(A.9)

Cτ (s) = −F̃ (s){sI − Ã − e−(sI−Ã)τ I˜C̃

as in the identity (A.6) for (A.4). It follows from (A.6) and
(A.9) that:

+ B̃ F̃ (s) + e−(sI−Ã)τ
˜
˜ C̃}−1 eÃτ [K̃ Δ̃−1 (s) + I]
× [K̃ Δ̃−1 (s) + I]

e(sI−Ã)τ (sI − Ã + K̃ C̃)D̃−1 (s)
= e(sI−Ã)τ (sI − Ã) + K̃ C̃ D̃−1 (s)

(A.10)

= −F̃ (s)[sI − Ã − e−sτ I˜C̃ + B̃ F̃ (s)]−1 eÃτ
˜ Δ̃(s) + C̃[sI − Ã − e−sτ I˜C̃
× [K̃ Δ̃−1 (s) + I]{

Ẽ −1 (s)(sI − Ã + K̃ C̃)e(sI−Ã)τ
= (sI − Ã)e(sI−Ã)τ + Ẽ −1 (s)K̃ C̃

˜ −1
+ B̃ F̃ (s)]−1 e−(sI−Ã)τ [K̃ Δ̃−1 (s) + I]}

(A.11)

(A.21)

Note that the matrix identities
Deﬁne

K̃ C̃ D̃−1 (s) = Ẽ −1 (s)K̃ C̃,
e(sI−Ã)τ (sI − Ã) = (sI − Ã)e(sI−Ã)τ

Δ

Uτ (s) = −F̃ (s)[sI − Ã − e−sτ I˜C̃

(A.12)

˜
+ B̃ F̃ (s)]−1 eÃτ [K̃ Δ̃−1 (s) + I]

hold. It follows from (A.10), (A.11) and (A.12) that:
Δ

= Ẽ −1 (s)(sI − Ã + K̃ C̃)e(sI−Ã)τ

˜
+ B̃ F̃ (s)]−1 e−(sI−Ã)τ [K̃ Δ̃−1 (s) + I]

(A.13)

which can be rewritten as

= (sI − Ã + K̃ C̃)−1 eÃτ Ẽ −1 (s)

Cτ (s) = Uτ (s)Vτ−1 (s)

(A.14)

(A.24)

In the following, we simplify the expressions of (A.22)
and (A.23). Noting that

Substituting (A.14) into (A.7) yields
Cτ (s) = −F̃ (s)[sI − Ã + B̃ F̃ (s)

Δ̃(s) = Vτ∗ (s)

˜
+ e−(sI−Ã)τ K̃ C̃ D̃−1 (s)]−1 eÃτ Ẽ −1 (s)(K̃ + I)
(A.15)

⎡

⎤
K

−1

)(sI − Ã)

K̃

(A.25)

holds from (41), (A.1) and (A.16), we have

Deﬁne the matrix
Δ̃(s) = I + C̃(I − e

(A.23)

Then the controller transfer function matrix (A.19) is
given in the right factorization form as

D̃−1 (s)eÃτ (sI − Ã + K̃ C̃)−1

−(sI−Ã)τ

(A.22)

Vτ (s) = Δ̃(s) + C̃[sI − Ã − e−sτ I˜C̃

e(sI−Ã)τ (sI − Ã + K̃ C̃)D̃−1 (s)

Δ

(A.17)

⎦
K̃ + I˜Δ̃(s) = ⎣
∗
Vτ (s)

(A.16)
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(A.26)

a senior engineer and technical oﬃcer. His research interests
are multivariable robust control, system identiﬁcation, and
process control. Since 2004 he has been a general manager
in Dehua International Mines Group Inc. in Canada.

In addition, we ﬁnd that
[sI − Ã − e−τ s I˜C̃ + B̃ F̃ (s)]−1
⎤−1
⎡
sI − A + BFC (s) BFy
⎦
=⎣
−e−τ s C
sI
⎡
⎤⎡
I
0
[sI − A + BF (s)]−1
⎦⎣
=⎣
e−τ s 1s C I
0
⎡
⎤
I − 1s BFy
⎦
×⎣
0
I
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⎤
0

⎦

1
s Is

(A.27)

where F (s) is deﬁned in (40). From (A.26) and (A.27), we
have:
⎤
⎡
⎤
⎡
1
K (s)
I − s BFy Ãτ
⎦ e [K̃ + I˜Δ̃(s)] = ⎣ B ⎦
⎣
(A.28)
Vτ∗ (s)
0
I
where KB (s) is deﬁned in (42). Using (A.25), (A.27) and
(A.28) in (A.22) and (A.23), we can rewrite (38) and (39)
as
⎡
⎤
I
0
⎦
Uτ (s) = −[FC (s) Fy ] ⎣
e−τ s 1s C I
⎡
⎤⎡
⎤
[sI − A + BF (s)]−1 0
KB (s)
⎦⎣
⎦
×⎣
1
∗
0
V
I
(s)
τ
s
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1
= F (s)[sI − A + BF (s)]−1 KB (s) + Fy Vτ∗ (s),
s
(A.29)
⎤

⎡
Vτ (s) =Vτ∗ (s) + e−τ s [C

I

⎦
I
⎤⎡
⎤
0
KB (s)
⎦⎣
⎦
1
∗
V
I
(s)
τ
s

0] ⎣
e−τ s 1s C

⎡
[sI − A + BF (s)]−1
×⎣
0

0

= Vτ∗ (s) + e−τ s C[sI − A + BF (s)]−1 KB (s)
(A.30)
which proves the proposition.
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