IMAGE SEGMENTATION BY A ROBUST GENERALIZED FUZZY C-MEANS ALGORITHM
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ABSTRACT

Fuzzy c-means (FCM) has been considered as an effective
algorithm for image segmentation. However, it lacks of
sufficient robustness to image noise. In this paper, we
propose a simple and effective method to make the
traditional FCM more robust to noise, with the help of
generalized mean. Traditional FCM can be considered as a
linear combination of membership and distance (function)
from the expression of its mathematical formula. The
proposed generalized FCM (GFCM) is generated by
applying generalized mean on these two items. We impose
generalized mean on membership to incorporate local
spatial information and cluster information, and on distance
function to incorporate local spatial information and
observation information (image intensity value). Thus, our
GFCM is more robust to image noise with the spatial
constraints: the generalized mean. The performance of our
proposed algorithm, compared with state-of-the-art
technologies including modified FCM, HMRF and their
hybrid models, demonstrates its improved robustness and
effectiveness.
Index Terms—Fuzzy C-Means, Generalized Mean,
Image segmentation, Spatial constraints

a wide variety of approaches have been proposed to
incorporate spatial information in the image [8, 9]. A
common approach is the use of a Markov Random Field
(MRF) [10]. Such methods aim to impose spatial
smoothness constraints on the image pixel labels. Recently,
a special case of the MRF model—the Hidden MRF
(HMRF) Model—has been proposed [11, 12]. In the HMRF
model, the spatial information in an image is encoded
through contextual constraints of neighboring pixels, which
are characterized with conditional MRF distributions. Based
on this well-known approximation, various HMRF model
estimation approaches have been proposed.
In this paper, we incorporate generalized mean into FCM,
called GFCM, which selects mean template as the spatial
constraint. Different from the HMRF model, our model is
fully free of the empirically adjusted parameter β. Moreover,
HMRF model is computationally expensive to implement.
However, our algorithm is easy, simple and fast for
implementation. Finally, our algorithm focuses on standard
FCM. However, the idea of incorporating generalized mean
into FCM can also be easily extended to improve the
performance of other FCM-like algorithms, which are
modified by adding some type of penalty terms to the
original FCM objective function.
2. MATHEMATICAL BACKGROUND

1. INTRODUCTION
2.1. Generalized mean
Image segmentation is one of the most important and
difficult problems in many applications, such as robot vision,
object recognition and medical image processing. Although
different methodologies [1-4] have been proposed for image
segmentation, it remains a challenge due to overlapping
intensities, low contrast of images, and noise perturbation.
In the last decades, fuzzy segmentation methodologies, and
especially the fuzzy c-means algorithms (FCM) [6], have
been widely studied and successfully applied in image
clustering and segmentation. Their fuzzy nature makes the
clustering procedure able to retain more original image
information than the crisp or hard clustering methodologies
[5, 7].
Although the FCM algorithm usually performs well with
non-noise images, it is still weak in imaging noise, outliers
and other imaging artifacts. To overcome this shortcoming,
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In mathematics, a generalized mean, also known as power
mean or Hölder mean, is an abstraction of the Pythagorean
means including arithmetic, geometric, and harmonic means.
The generalized mean of a1, a2, . . . , an is defined as
1/ p

1 n

M p  a1 , a2 ,..., an     aip 
 n i 1 
where ai  0 , p   ,   .

,
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For p→0, (1) approaches the geometric mean
1/ n
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For p=1, (1) results in the arithmetic mean
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applying the optimization way similar to the standard FCM,
the parameters in GFCM can be calculated iteratively as

2.2. Fuzzy c-means algorithm
To deal with the problem of clustering N multivariate data
points into J clusters, Dunn [13] introduced and later
Bezdek [6] extended the fuzzy c-means clustering algorithm.
In the standard FCM algorithm, the fuzzy objective function
that needs to be minimized is given by
N

J
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where yi, i=(1,2,…,N), denotes the data set in the Ddimensional vector space, N is the total number of data
points, J is the number of clusters, uij is the degree of
membership of yi in the j-th cluster, m is the weighting
exponent on each fuzzy membership function uij, dij is a
distance (similarity) measure between point yi and cluster
center μj, called distance function. The FCM algorithm is
iterated through the necessary conditions for minimizing Jm
with the following update equations:
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where i is the neighborhood of the i-th pixel, including the
i-th pixel. It can be easily seen the difference between
(global) generalized mean in (1) and local generalized mean
in (6). Equation (1) focus on all image pixels i=(1,2,…,N),
and (6) focus only on the image pixels m belongs to the
neighborhood i. Considering weighted factor and local
generalized arithmetic mean with distance measure, a new
objective function can be given as
J
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where wc is the weighted factor to control the influence of
the neighborhood pixels depending on their distance from
the central pixel i. Generally, the strength of wc should
decrease as the distance between pixel c and i increases. By

(8)

By applying local weighted generalized mean on
membership, the modified membership uij can be calculated
as
 wc ucj
c i
.
(9)
uij  J
  wc uch
h 1 c i

For a deep understanding of our algorithm, let us give some
analysis for usage of generalized mean in detail. Distance
function dij is a measure between point yi and cluster center
μj in standard FCM. In our GFCM, this distance is
influenced by the distance in its immediate neighborhood to
incorporate local spatial information and observation
information (image intensity value). The new distance
function in our model can be modified as (ignoring constant
item)
dij 

Let us first consider (4). It can be easily seen that the
objective function is composed of two items: membership
uij and distance function dij. Our algorithm is simple, easy
and straightforward to modify these two items with local
generalized mean. This modification incorporates more
local spatial information to make the model more robust to
image noise. After modification of (1), the local generalized
mean is given as
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3. GENERALIZED FUZZY C-MEANS ALGORITHM
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Here, ||*|| is the squared Euclidean distance which is
normally adopted in standard FCM. Equation (10) may
explain why our method is more robust to image noise.
Assuming image intensity yi is corrupted by image noise, in
this case, calculation of dij in standard FCM may be far
away from the “true” distance function. However, in our
model, this distance is calculated by modified yi which is
obtained by its immediate neighborhood.
The membership function uij represents the probability
that image pixel i belongs to the cluster j. Similar to distance
function, we also use generalized mean to make the
membership of image pixel i influenced by the membership
in its immediate neighborhood for incorporating local
spatial information and cluster information, as shown in (9).
That means the probability of i-th pixel belongs to the
cluster j is not decided by the pixel i (uij), but by the
neighborhood of pixel i (  c wc ucj ).
i

In short, our algorithm is based on an obvious fact. A
single image pixel i is easy to be corrupted by noise.
However, image pixels in the local neighborhood of i-th
pixel are hard to be all corrupted by noise. As long as the
“signal” pixels are more than “noise” pixels in this
neighborhood, the correct function (membership or distance
function) can always be calculated. This is the reason why
we use the generalized mean to calculate “average”
functions for eliminating the noise effect.
Finally, we summarize the computation process of our
algorithm as follows
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GFCM Algorithm:
Step 1. Fix the cluster number J, fuzzy membership
parameter m and then select initial cluster center.
Step 2. Set the loop counter k=0
Step 3. Update the new cluster center  (j k ) using (8).
Step 4. Update the fuzzy membership function uij( k ) using (8)
and (9).
Step 5. Terminate the iterations if the object function
converges; otherwise, increase the iteration (k=k+1) and
repeat steps 2 through 5.
4. EXPERIMENTAL RESULTS AND DISCUSSION
In this section, we experimentally evaluate our proposed
GFCM in a set of synthetic images and real images. The
neighborhood window size of GFCM is set as 55. For
simplicity, the weighted factor wc equals to 1 for all c-th
pixels in the neighborhood window. The fuzzy membership
weighting is set m=2. We also evaluate GGFCM [2],
MFCM [4], FCM_S [5], FLICM [3] and HMRF-FCM [9]
for comparison. Our experiments have been developed in
Matlab R2009b, and are executed on an Intel Pentium DualCore 2.2 GHZ CPU, 2G RAM.

4.1. Real Images
In this experiment, we evaluate the performance of the
proposed method based on a subset of the Berkeley image
dataset [14], which is comprised of a set of real-world color
images along with segmentation maps provided by different
individuals. We employ the Probabilistic Rand (PR) index
to evaluate the performance of the proposed method, with
the multiple ground truths available for each image within
the dataset. It has been shown that the PR index possesses
the desirable property of being robust to segmentation maps
that result from splitting or merging segments of the ground
truth [15, 16]. The PR index takes values between 0 and 1,
with values closer to 0 (indicating an inferior segmentation
result) and values closer to 1 (indicating a better result).
Fig. 1 shows the original Berkeley images used for the
image segmentation experiment. These images with and
without Gaussian noise are segmented by the proposed
method, illustrated in Fig. 2. For fair comparison, we also
evaluate the performance of GGFCM, FCM_S, FLICM and
HMRF-FCM in addition to our methods. Table 1 presents
the average PR values for all methods, corresponding to
each of the test images in Fig. 1. Compared to other
methods, the proposed algorithm yields the best
segmentation results with the highest PR values.
Table 1. Comparison of different methods for Berkeley
image dataset, Probabilistic Rand (PR) Index.

Fig. 1. Original image from the Berkeley image
segmentation dataset.

Image #

GGFCM

FCM_S

FLICM

135069
124084
69020
12003
58060
239007
46076
55067
353013+0.01noise
310007+0.01noise
61060+0.01noise
15088+0.02noise
24063+0.02noise
374067+0.02noise
302003+0.02noise
Mean

0.985
0.708
0.567
0.622
0.570
0.665
0.808
0.887
0.702
0.620
0.546
0.698
0.777
0.695
0.704
0.704

0.981
0.510
0.535
0.608
0.573
0.633
0.715
0.879
0.633
0.664
0.617
0.656
0.819
0.711
0.705
0.683

0.983
0.510
0.552
0.614
0.584
0.645
0.725
0.879
0.663
0.708
0.625
0.717
0.826
0.729
0.713
0.698

HMRFFCM
0.984
0.526
0.559
0.618
0.615
0.668
0.826
0.888
0.741
0.677
0.575
0.855
0.834
0.744
0.715
0.722

GFCM
0.983
0.732
0.503
0.630
0.600
0.660
0.823
0.889
0.744
0.705
0.629
0.861
0.835
0.778
0.718
0.739

4.2. Multidimensional Images

Fig. 2. Image segmentation results by GFCM.

In this experiment, we try to segment the
multidimensional RGB color image into three classes: the
blue sky, the red roof and the white wall. The original image
(481321) shown in Fig. 3(a) is corrupted by heavy
Gaussian noise with mean=0 and covariance=0.15. The
segmentation results of GGFCM, FCM_S, FLICM, HMRFFCM and GFCM are shown in Figs. 3(b) through (f),
respectively. The accuracy of segmentation for GGFCM is
quite poor. This is expected that no spatial constraints are
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taken into account in GGFCM. FCM_S, FLICM and
HMRF-FCM obtain better results, but they are still sensitive
to heavy noise. The accuracy of the segmentation results
from GFCM, as shown in Fig. 3(f), is better than that of
other methods, obtaining the highest PR values. It is worth
pointing out that the PR value of HMRF-FCM (0.843) is
just a little lower than the PR value of GFCM (0.849);
however, the segmentation result of HMRF-FCM, shown in
Fig. 3(e), is much poorer than GFCM (Fig. 3(f)).
We also evaluate the computation time for all methods in
the previous experiment. The computation time t of the
different methods is also presented in Fig. 3. It is noted that
the computation of our methods is much faster than that of
other methods. Compared to other methods, our model has
the lowest computation burden and achieves the best
segmentation results.

(a)

(b)

(c)

(d)
(e)
(f)
Fig. 3. Segment RGB Image with Gaussian noise. (a)
Noised image (b) GGFCM, PR=0.667, t=9.28s (c) FCM_S,
PR=0.759, t=4.23s (d) FLICM, PR=0.779, t=28.18s (e)
HMRF-FCM, PR=0.843, t=167.53s (f) GFCM, PR=0.849,
t=3.45s.
4.3. SAR Images

(a)

(b)

(c)

(d)
(e)
(f)
(g)
Fig. 4. SAR Image Segmentation. (a) Original SAR image
(b) GGFCM (c) MFCM (d) FCM_S (e) FLICM (f) HMRFFCM (g) GFCM.

methods based on real RADARSAT-1 SAR image. The
original RADARSAT-1 SAR image (shown in Fig. 4(a))
represents a portion of the Northwest Territories (NWT) in
Canada. With an area of 1,346,106 square kilometers, NWT
is the largest region in the country after Nunavut. In the
upper part of the image are the Franklin Mountains, and in
the lower, the Mackenzie Mountains. These mountain
ranges are separated by the Mackenzie River—the dark
feature cutting across the middle of the image.
Our purpose is to distinguish the Mackenzie Mountains
and the Mackenzie River. Thus we set the component
number J=2. The segmentation results of GGFCM, MFCM,
FCM_S, FLICM, HMRF-FCM and GFCM are shown in
Figs. 4(b) through (g), respectively. Existence of noise has
led to a “spotty” result using GGFCM and FCM_S shown in
Fig. 4(b) and (d), respectively. FLICM and HMRF-FCM are
failed to segment the SAR image, shown in Fig. 4(e) and (f),
respectively. FLICM mixed the mountain and the river
together and HMRF-FCM misclassifies some river parts.
The MFCM shown in Fig. 4(c) gives an improved result;
however, it loses some image details and is still not robust
enough to image speckle. From Fig. 4(g), it can be seen that
our GFCM obviously overcomes these shortcomings and
preserve more details of mountain’s ridges and river’s
tributaries. Through discussed above, we can conclude that
the proposed GFCM is more robust to image speckle and
can preserve more image details simultaneously.
5. CONCLUSION
In this paper, we propose a new simple and effective
fuzzy clustering approach for image segmentation. The
GFCM is introduced by incorporating the spatial constraints
(generalized mean) into the fuzzy objective function.
Although our algorithm is based on Euclidean distance, the
distance function in FCM can be replaced by the general
and flexible non-Euclidean function. In GFCM, the
membership (or distance function) of an image pixel is
influenced by the fuzzy membership (or distance function)
of pixels in its immediate neighborhood with the help of the
generalized mean. Different from the HMRF model, our
model is fully free of any empirically adjusted parameters β
and has less computation complexity. Compared with stateof-the-art technologies based on FCM, MFCM, HMRF and
their hybrid models, the experimental results demonstrate
the improved robustness and effectiveness of our proposed
algorithm.
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