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ABSTRACT
This paper introduces a bilateral ﬁltering based mixture model for
image segmentation. The mixture model uses Markov Random Field
(MRF) to incorporate spatial relationship among neighboring pixels
into the Gaussian Mixture Model (GMM) in order to perform a segmentation that is robust against noise and other environmental factors. The bilateral ﬁltering is used to smooth the posterior probability
map as part of the MRF used. The advantage of the proposed model
is its simpliﬁed structure so that the Expectation Maximization algorithm can be directly applied to the log-likelihood function to compute the optimum parameters of the mixture model. The method has
been extensively tested on synthetic and natural images and compared with some of the state-of-the-arts algorithms currently available. The experimental results show that the proposed method is
comparable to the other methods in terms of accuracy and quality
and simpler in terms of implementation.
Index Terms— Image segmentation, Gaussian mixture model,
Markov random ﬁeld, Bilatering Filtering, spatial information, EM
algorithm.

2. MIXTURE MODEL BASED ON MARKOV RANDOM
FIELD

1. INTRODUCTION
In computer vision related problems, image analysis is the most important part. In order to analyze an image, it is often more meaningful to partition the image into non-overlapping regions that correspond to some real world objects, to draw inference on the contents of the image. The process involves clustering pixels based on
their intensity and spatial locations. Often, pixels corresponding to a
single object share similar intensity values and neighboring relationship. These properties are exploited in segmentation. However, with
increased amount of noise, it gets harder to achieve accurate image
segmentation. In literature, there are many popular segmentation
algorithms like mean shift based methods [1], graph based methods [2, 3], clustering approaches [4] etc. In recent years, Bayesian
framework based approaches [5] have gained popularity due to their
simplicity and ease of implementation. Among these methods, standard GMM [6, 7] is well known. One of the main drawbacks of this
method is that the prior distribution πj does not depend on the pixel
index j and thus, on the spatial relationships between the labels of
neighboring pixels. Thus, the segmentation is extremely noise-prone
and illumination dependent. To overcome this disadvantage, mixture
models with MRF have been employed for pixel labeling [8, 9]. The
distinct difference is that the prior distribution πij varies for every
pixel xi corresponding to each label Φj and depends on the neighboring pixels and the corresponding parameters. The disadvantages
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of the MRF methods lie in lacking robustness against high amount of
noise and increase in computational cost. Several researchers have
extended the models [10, 11] where an MRF models the joint distribution of the priors of each pixel, instead of the joint distribution of
the pixel labels.
In this work, a new MRF based mixture model is proposed. The
model is made based on the following considerations - ﬁrstly, the
model is very simple compared to the other MRF based models. The
structure of the model has been reduced to simple ﬁltering in probability domain. Secondly, the spatial information has been successfully incorporated in the model with the use of bilateral ﬁltering and
the EM-algorithm can be directly applied to compute the parameters
of the method.
The paper has been organized in following sections. In section 2,
the background of the current work is brieﬂy discussed. The proposed method is described in section 3. Section 4 provides brief
understanding of the Bilateral ﬁltering used for the work. Section 5
includes the experimental results and ﬁnally, the work is concluded
in section 6.
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Let, xi , i = (1, 2, ..., N ), where each xi is of dimension D, denote
an observation at the ith pixel of an image. The neighborhood of
the ith pixel is presented by δi . The target is to associate each xi
with a label in (1, 2, ..., K). For this classiﬁcation, standard GMM
assumes that each observation xi is independent of the label Ωj . The
density function f (xi | Π, Θ) at an observation xi is given by:
f (xi | Π, Θ) =

K


πij Φ(xi | Θj )

(1)

j=1

where, Π = {πij }, j = (1, 2, ..., K) is the set of prior distributions
of probabilities where πij denotes the probability that pixel xi is in
label Ωj and satisﬁes the constraints:
0 ≤ πij ≤ 1 and

K


πij = 1

(2)

j=1

Also, Φ(xi | Θj ) is a component of the gaussian mixture. Each
component can be written in the form:
Φ(xi | Θj ) =

|Σj |−1/2
(2π)D/2



Δ2
exp −
2

(3)

where Δ2 = (xi − μj )T Σ−1
j (xi − μj ) is the squared Mahalanobis
distance and Θj = {μj , Σj }, j = (1, 2, ..., K). The D-dimensional
vector μj is the mean, the D × D matrix Σj is the covariance, and
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|Σj | denotes the determinant of Σj . From Eq.(1), the joint conditional density of the data set X = (x1 , x2 , ..., xN ) can be written
as:

K
N
N



p(X | Π, Θ) =
f (xi | Π, Θ) =
πij Φ(xi | Θj ) (4)
i=1

i=1

map. Let, Z̃j represent the ﬁltered posterior probability map after
applying a ﬁlter to Zj . If the elements of Z̃j are termed as z̃ij , then
we use the following approach to incorporate the spatial information
into the smoothing prior U (Π) as follows:

j=1

This modeling has a fundamental problem. Since the observation xi
is considered to be independent given the pixel label, the spatial correlation between the neighboring pixels is not taken into account. In
natural images, the neighboring pixels are highly correlated if they
belong to same object. If the correlation is not used, the segmention
can be very sensitive to noise, varying illumination and other environmental factors such as wind, rain or camera movements. MRF
was introduced for segmentation in order to use this spatial information and has the following form:


1
−1
p(Π) = Z exp − U (Π)
(5)
T
where, Z is a normalizing constant, T is a temperature constant set
to 1 (T = 1), and U (Π) is the smoothing prior. The posterior probability density function given by Bayes rules can be written as:
p(Π, Θ | X) ∝ p(X | Π, Θ)p(Π)

(6)

U (Π) = −

i=1

− log Z −

j=1

1
U (Π)
T

3. THE PROPOSED METHOD
The proposed method is based on the fact that the energy function
U (Π) incorporates the spatial relationship among neighboring pixels
and is a smoothing function that reduces the classiﬁcation ambiguity between neighboring pixels. The method has been introduced
keeping in mind that it should reduce the misclassiﬁcation noise and
in process, should not increase the computational complexity of the
GMM.
In keeping with the above, we can refer to the following assumption. If the posterior probability of the ith pixel for the j th
label is termed as zij , then the set Zj = {zij ; i = (1, 2, ..., N )} for
j = (1, 2, ..., K) represents a posterior probability map which is
smoothed using the energy function U (Π) based on the neighboring relationship among the zij values. This assumption leads us to
use image processing ﬁlters for smoothing this posterior probability
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(t+1)

(8)

where, t indicates the iteration step. An important concern when
applying a smoothing ﬁlter to Zj is the edges where probability
changes suddenly. This leads to application of an edge-preserving
ﬁlter, which is discussed in detail in section 4. Considering a
smoothed Z̃j , the MRF distribution p(Π) in Eq.(5) is given by:

p(Π) = Z

−1

exp

K
N
1   (t)
(t+1)
z̃ log πij
T i=1 j=1 ij

(9)

Given the MRF distribution p(Π), the log-likelihood function in
Eq.(7) is written in the form:
K
N


log
πij Φ(xi | Θj ) − log Z
L(Π, Θ | X) =
i=1

1
+
T

j=1
N 
K


(10)
(t)
z̃ij

(t+1)
log πij

i=1 j=1

Applying the complete data condition, maximization of L(Π, Θ |
X) will lead to an increase in the value of the objective function
J(Π, Θ | X) given by:

(7)
Depending on the type of energy U (Π) selected in Eq.(7), we
can have different kinds of models. Different researchers have
used different expressions for this energy function to successfully
incorporate local information into the approach. But, this incorporation increases the complexity of the method and may not provide
robustness against noise. Also, in order to maximize the loglikelihood function with respect to parameters Π and Θ, an iterative
Expectation-Maximization (EM) algorithm needs to be applied. Due
to the complexity of the log-likelihood function and the constraint
in Eq.(2) to be satisﬁed, the M step of the EM algorithm cannot be
directly applied to the prior distribution πij . Thus, the methods tend
to become complex to solve the constrainted optimization problem.

(t)

z̃ij log πij

i=1 j=1

By incorporating 4 and 5 into 6, the log-likelihood of 6 can be derived as:
L(Π, Θ | X) = log p(Π, Θ | X)
K
N


=
log
πij Φ(xi | Θj )

K
N 


J(Π, Θ | X) =

K
N 


(t)

(t+1)

log πij

zij

(t+1)

+ log Φ(xi | Θj

)

i=1 j=1

− log Z +

K
N
1   (t)
(t+1)
z̃ log πij
T i=1 j=1 ij

(11)
The conditional expectation values zij of the hidden variables can
be computed as follows:
(t)

zij =

(t)

(t)

πij Φ(xi | Θj )
K
k=1

(t)

(12)

(t)

πik Φ(xi | Θk )

The next objective is to optimize the parameter set {Π, Θ} in order
to maximize the objective function J(Π, Θ | X) in Eq.(11). For
simplicity, Z and T in Eq.(11) are set equal to one (Z = 1, T =
1). From Eq.(11) and using Eq.(3), the objective function can be
rewritten as:
J(Π, Θ | X) =


N 
K

D
1
(t+1)
(t)
(t+1)
−
zij log πij
|
log (2π) − log |Σj
2
2
i=1 j=1
+

N 
K


(t)

zij

i=1 j=1

+

K
N 

i=1 j=1

(t)



1
(t+1)
(t+1) T −1(t+1)
− (xi − μj
)
) Σj
(xi − μj
2
(t+1)

z̃ij log πij



(13)

Table 1. Performance of proposed method with varying level of
noise and varying spatial variance
Filter Sigma Noise Sigma Noisy MCR MCR (Proposed)
0.03
9.66
0.51
3
0.07
22.56
1.79
0.1
27.48
3.06
0.03
9.66
1.11
5
0.07
22.56
3.81
0.1
27.48
8.04
0.03
9.66
2.56
9
0.07
22.56
13.6
0.1
27.48
21.59

To maximize this function, the EM algorithm is applied where the
derivative of J(Π, Θ | X) is taken with respect each parameter in
the parameter set {Π, Θ} and equating it to zero. The solution to
−1(t+1)
= 0 would provide the mini∂J/∂μ(t+1)j = 0, ∂J/∂Σj
mizer of μj and Σj respectively, at the (t + 1) step. It can be proven
using simple vector differention, the minimizer values are:
μ(t+1)j =
(t+1)
Σj

=

(t)
N
i=1 zij xi
(t)
N
i=1 zij
N
i=1

(t)

(t+1)

zij (xi − μj

(t+1) T

)(xi − μj

)

(15)

(t)

zij

(t+1)

(t+1)

= 0
For the prior distribution πij , the solution to ∂J/∂πij
must also satisfy the constraints in Eq.(2). To enforce the constraint,
the Lagranges multiplier λi for each data point is used to get the
following equation:


K
N


∂
(t+1)
λi
πij
−1
(16)
J−
(t+1)
∂πij
j=1
i=1
Eq.(16) can be solved using the constraint
yield the following solution:
(t+1)

(t)

=

(b)

( c)

(d)

(e)

( f)

( g)

(h)

Fig. 1. Synthetic image segmentation, (a): original image, (b): image corrupted with noise, (c): K-means, (d): GMM, (e): SMM, (f):
SVFMM, (g): FCM and (h): proposed

(14)

N
i=1

piij

(a)

K
j=1

= 1 to

(t)

zij + z̃ij
(t)
K
k=1 (zik

(t+1)

piij

(t)

+ z̃ik )

(17)

Thus, using Eq.(14), (15) and (17), the optimum parameter values
can be obtained that minimize J and hence, L.
4. BILATERAL FILTERING
In Sec.3, it was mentioned that the smoothed posterior probability
map Z̃j is obtained using some image processing ﬁlter on the posterior probability map Zj . A smoothing ﬁlter removes noise but at
the same time blurs the image so that the edge information in the
image is reduced. In segmentation, edges carry high importance and
the borderline between two distinctly segmented regions is decided
by how strong the edges are. Also, the edges in Zj correspond to
edges in the image because, in general, an edge signiﬁes two clusters and hence, two different probabilities. This leads us to apply
a ﬁlter that can preserve the edge information in high extent while
smoothing the map (Note: In Zj , an edge actually corresponds to a
sudden change in probability). Bilateral ﬁltering, in simple terms, is

283

an edge-preserving smoothing ﬁltering technique. Here, each pixel
value (probability value in this case) is replaced by a weighted average of intensity values from neighboring pixels based on Gaussian
distributions that are based on both the Euclidean distance and the
range of intensity values of the neighboring pixels. Due to the combined distance based smoothing and intensity range based smoothing
approach, the ﬁlter achieves the desired edge preservation.
When there is a non-edge region, the neighboring pixels have
similar intensity and thus, bilateral ﬁlter acts as a standard smoothing ﬁlter that averages the noisy pixels with neighboring pixels. But,
at the edges where there is a sudden change in intensity, part of the
neighborhood have dark intensity and the rest are bright. In this case,
due to a normalizing function, the center pixel value is replaced by
the averaging values of the pixels in its vicinity. Thus, if the pixel
belongs to dark region, its value will most likely be replaced by averaging the dark pixel values in its neighborhood. Similar reasoning
applies for bright pixels. For mathematical basis of Bilateral ﬁltering, the readers are referred to [12].

5. EXPERIMENTAL RESULTS
The proposed algorithm has been tested on the images from the
Berkeley Image Segmentation dataset. The algorithm has been compared with K-means, Fuzzy C-Means Clustering (FCM) [4], standard GMM, Student’s-t mixture model (SMM) [13] and Spatially
Variant Finite Mixture Model (SVFMM) [14] algorithms which are
some of the popular and leading methods for segmentation. The
methods were run until convergence. The experimentation has been
divided into two categories - (A) with a synthetic image for varying
levels of noise and (B) with real world color images. All the methods
were run on a PC with Intel Core 2 Duo CPU of 2 GHz with 2 GB of
RAM. For synthetic image, in order to compare the results, misclassiﬁcation ratio (MCR) has been used. MCR is given by the number
of misclassiﬁed pixels divided by the total number of pixels. In the
experiments, all the methods have been initialized with K means.
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Table 2. Comparison of performance of proposed method with other
methods for real-world color images
Images
FCM GMM SMM SVFMM Proposed
Moutains 0.889 0.888 0.889
0.887
0.891
Horse
0.750 0.782 0.810
0.777
0.818
Lamb
0.580 0.844
0.750
0.785
0.856
Bird
0.732 0.738 0.797
0.733
0.808
6. CONCLUSION
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In this work, a new mixture model has been presented for image segmentation. The model uses simple bilateral ﬁltering based MRF to
include spatial relationship among neighboring pixels. Also, it has
been kept fairly easy to manipulate the parameters of the technique
and use the EM algorithm to compute the optimum values for the
parameters of the mixture model. The future work would include
searching for better methods to set the parameters of the ﬁlter automatically based on the image to be segmented.
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Fig. 2. Color image segmentation, (ﬁrst row): original image, (second row): FCM, (third row): GMM, (fourth row): SMM, (ﬁfth row):
SVFMM, (sixth row): proposed
5.1. Segmentation of Synthetic Image
The algorithms were compared with a number of synthetic images
with varying level of noise. In this work, results are shown with a
single synthetic image for three levels of noise and effect of changing the spatial standard deviation value (sigma) of the Bilateral ﬁlter.
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the proposed method are compared for varying spatial sigma values
in Table 1.
From Fig. 1, it is visible that the performance of the proposed
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highest PR values for the segmented images.
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