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ABSTRACT
Finite mixture model with symmetric distribution has been
widely used for many computer vision and pattern recognition problems. However, in many applications, the distribution of the data has a non-Gaussian and non-symmetric form.
This study presents a new non-symmetric mixture model for
image segmentation. The advantage of our method is that it
is simple, easy to implement and intuitively appealing. In this
paper, each label is modeled with multiple D-dimensional
Student’s-t distribution, which is heavily tailed and more robust than Gaussian distribution. Expectation maximization
(EM) algorithm is adopted to estimate model parameters and
to maximize the lower bound on the data log-likelihood from
observations. Numerical experiments on various data types
are conducted. The performance of the proposed model is
compared to other mixture models, demonstrating the robustness, accuracy and effectiveness of our method.
Index Terms— Non-symmetric mixture model, nonGaussian distribution, EM algorithm, and unsupervised image segmentation.
1. INTRODUCTION
Segmentation is one of the most important problems in computer vision. In literature, different techniques have been proposed for image segmentation. During the last decades, much
attention has been given to clustering method based on the
modeling of the probability density function of the data via
ﬁnite mixture models [1–5].
Among these techniques, Gaussian mixture model (GMM)
is a well-known method used in most applications. The major
advantage of the GMM approach is that it provides a natural
way to cluster data based on the components of the mixture
that generated it. Another advantage is that the parameters can be efﬁciently estimated by adopting the expectation
maximization (EM) algorithm [6, 7]. However, the GMM is
sensitive to outliers and may lead to excessive sensitivity to
small numbers of data points [8]. Also, for many applied
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problems, the tail of the Gaussian distribution is often shorter
than required.
In order to improve the robustness of the algorithm, mixture models with the Student’s-t distribution has been proposed in [8–10]. The main advantage of the Student’s-t distribution is that it is heavily tailed than Gaussian distribution. Compared to the GMM, each component of the ﬁnite
Student’s-t mixture model (SMM) has one more parameter
called the degrees of freedom (v). When v tends to inﬁnity, the Student’s-t distribution approaches the Gaussian distribution. Hence, SMM provides a more powerful and ﬂexible approach for probabilistic data clustering compared to the
GMM. However, in many real applications, the intensity distributions of each label type of the dataset do not exhibit exactly a Gaussian shape and are not symmetric [11]. For this
reason, the results of the mixture models which are based on
the symmetric distribution such as GMM, SMM are very poor
in these non-symmetric situations.
Based on these considerations, in this paper, we propose
a new ﬁnite mixture with non-symmetric distribution for image segmentation. Our approach differs from those discussed
above by the following statements. Firstly, the Student’s-t distribution, which is heavily tailed and more robust than Gaussian, is used in this paper. Secondly, each component density
in our model is an asymmetric distribution that is modeled by
multiple D-dimensional distribution. The advantage of the
proposed distribution is that it has the ﬂexibility to ﬁt different shapes of observed data. Our model can be used for
analyzing both univariate and multivariate data. Finally, EM
algorithm is adopted to maximize the data log-likelihood and
to optimize the parameters. We demonstrate through extensive simulations that the proposed model is superior to other
clustering methods based on the modeling of the probability
density function of the data via ﬁnite mixture model.
The rest of this paper is organized as follows. In Section
2, we present a brief introduction of the ﬁnite mixture model,
commonly used in the literature for image segmentation. In
Section 3, the proposed method and parameter estimation will
be described in detail. The experimental results are demonstrated in Section 4 followed by conclusions in Section 5.
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2. STANDARD FINITE MIXTURE MODEL AND
IMAGE SEGMENTATION

3. PROPOSED METHOD

Notations used throughout the paper are as follows. The main
objective is to segment an image consisting of N pixels into
K labels. Let xi , with dimension D, i=(1,2,...,N ), denote an
observation at the i-th pixel of an image. Labels are denoted
by (Ω1 ,Ω2 ,...,ΩK ). The parameter πj is the prior distribution
of the pixel xi belonging to the label Ωj .
Consider the problem of estimating the posterior probability of xi belonging to label Ωj . The ﬁnite mixture models [1, 3, 5] assume that each pixel xi is independent of the
label Ωj . The density function f (xi |Θ) at a pixel xi is given
by:
K

f (xi |Θ) =
πj p(xi |Ωj )
(1)
j=1

where, the prior probability that pixel xi is in label Ωj , which
satisﬁes the constraints:
πj ≥ 0 and

K


πj = 1

The key concept in the standard ﬁnite mixture model is the
component p(xi |Ωj ). As shown in Section 2, all these statistical methods have relied on p(xi |Ωj ) for modeling the underlying distributions. However, all the component of GMM,
SMM can only approximate a symmetric shape. In many real
applications, the intensity distribution of each label type of the
dataset does not exhibit exactly a Gaussian shape and are not
symmetric. In order to overcome this problem, we propose
a new ﬁnite Student’s-t mixture with non-symmetric distribution, which is useful for modeling non-Gaussian image data.
First, we deﬁne a new non-Gaussian and non-symmetric
distribution p(xi |Ωj ) that is used for the component of our
mixture model. Differing from the above-mentioned mixture
models, each component density in our model is modeled
with multiple D-dimensional Student’s-t distribution. The
multi-dimensional distribution p(xi |Ωj ) in our model is deﬁned as:

(2)

p(xi |Ωj ) =

j=1

where, the D-dimensional vector μj is the mean. The DxD
matrix Σj is the covariance, and |Σj | denotes the determinant
of Σj .
In order to improve the robustness of the model, Student’st distribution is used in SMM [8, 9]. In this model, p(xi |Ωj )
in Eq.(1) is the Student’s-t distribution S(xi |μj , Σj , vj )
with longer tails and one more parameter compared to the
Gaussian distribution Φ(xi |μj , Σj ). Each Student’s-t distribution S(xi |μj , Σj , vj ) has its own mean μj , covariance
Σj , and degree of freedom vj . The Student’s-t distribution
S(xi |μj , Σj , vj ) is given by:

×

Γ(vj /2 + D/2)|Σj |−1/2
D/2

(vj π)
1
T

ηjk S(xi |μjk , Σjk , vjk )

(5)

k=1

Each distribution p(xi |Ωj ) is called a component of the mixture. Note that, p(xi |Ωj ) can be any kind of distribution.
In GMM, p(xi |Ωj ) is the Gaussian distribution Φ(xi |μj , Σj ).
Each Gaussian distribution is written in the form:
1
1
Φ(xi |μj , Σj ) =
D/2 |Σ |1/2
j
(2π)

 (3)
1
T
× exp − (xi − μj ) Σ−1
(x
−
μ
)
i
j
j
2

S(xi |μj , Σj , vj ) =

Kj


Γ(vj /2)

1 + vj−1 (xi − μj ) Σ−1
j (xi − μj )

(vj +D)/2

(4)

The Student’s-t distribution provides a longer tailed alternative to the Gaussian distribution. Each component in SMM
originates from a wider class of elliptically symmetric distributions. Hence, SMM provides a more a powerful and ﬂexible approach for probabilistic data clustering compared to the
GMM.
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where, Kj is the number of the Student’s-t distribution that is
used to model the label Ωj . And ηjk is called the weighting
factor that satisﬁes the following constraints:
ηjk ≥ 0 and

Kj


ηjk = 1

(6)

k=1

In Eq.(5), S(xi |μjk , Σjk , vjk ) is the Student’s-t distribution
S(xi |μjk , Σjk , vjk ) =
×

Γ(vjk /2 + D/2)|Σjk |−1/2
(vjk π)
1
T

D/2

Γ(vjk /2)

−1
1 + vjk
(xi − μjk ) Σ−1
jk (xi − μjk )

(vjk +D)/2

(7)

where, the D-dimensional vector μjk is the mean. The DxD
matrix Σjk is the covariance, Σjk denotes the determinant of
Σjk and vjk is the degree of freedom. The idea to deﬁne the
distribution in Eq.(5) is based on a fact that non-symmetric
distribution can be approximated by multiple Student’s-t distributions.
Given the prior probability distribution πj in Eq.(2) and
the distribution p(xi |Ωj ) in Eq.(5), the log-likelihood function is written in the form.
⎧
⎫
N
K
⎨
⎬

log
πj p(xi |Ωj )
(8)
L(Θ) =
⎩
⎭
i=1

j=1

The next objective is to optimize the parameter set
Θ = {πj , ηjk , μjk , Σjk , vjk } in order to maximize the loglikelihood function in Eq.(8). Application of the complete

In the M-step, to maximize the function in Eq.(13), the solution of ∂J(Θ)/∂Θ = 0, after some manipulation, yields the
estimates of μjk at the (t+1) step:

data condition in [1, 7], maximizing the log-likelihood function L(Θ) will lead to an increase in the value of the objective
function J(Θ).
J(Θ) =

K
N 

i=1 j=1

=

N

(t)

zij {log πj + EΘ [log p(xi |Ωj )]}

K
N 

i=1 j=1

Kj

(t)

zij {log πj +


k=1

μjk =
(9)

(t)

yijk {log ηjk

where, the posterior probability
of the current step is
K
m=1

N

Σjk =

(16)

i=1

(t) (t) (t)
zij yijk uijk

(t) (t)

(t)

zij yijk uijk (xi − μjk )(xi − μjk )T
(17)

N
i=1

(10)

(t) (t)
zij yijk

The estimates of the degrees of freedom vjk are given by the
solution of the equation.

πm p(xi |Ωm )

(t)

and, the value of yijk in Eq.(10) is given by

N

ηjk S(xi |μjk , Σjk , vjk )

(t)

yijk =

Kj
m

−Ψ

(11)

Kj

(t)

zij {log πj +


k=1

and,
EΘ (log uijk ) =

−1(t)


(t)
log uijk −log

(t)

vjk + D
2


+ψ

(t)


− log

i=1

(t) (t)

zij yijk

(t)

vjk + D



2

=0

ηjk =

i=1
N

(t) (t)

zij yijk

(t)
zij

Kj
m=1

(19)
(t)
yijm

To test the effectiveness of our method, the performance of
our method with GMM [1], SMM [8]. In this paper, the
proposed method is implemented with two D-dimensional
Student’s-t distribution for each label (Kj = 2). In the ﬁrst
experiment, one sample with 7936 simulated points from four
labels is shown in Fig. 1(a). Each label has 1984 points. The
ground truth distributions (two-dimensional view) of four labels are shown in Fig. 1(b). As shown in this ﬁgure, the
intensity distribution of each label type of the data does not
exhibit exactly a Gaussian shape and are not symmetric. In
Fig. 1(c)-(e), the results of GMM, SMM, and our method are
shown respectively. In this experiment, the error of the estimated distributions of GMM and SMM compared with the

(t)

vjk + D

(t)
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(xi − μjk )
(14)



2

N



(t)

In the next section, we will demonstrate the robustness, accuracy and effectiveness of the proposed model, as compared
with other approaches.

(t)

(t) T

vjk + D

i=1

i=1

vjk + D
(t)

(t)

+1+

(t) (t)

zij yijk (log uijk − uijk )

N

(t)

vjk + (xi − μjk ) Σjk

jk

2

N
1  (t)
z ;
πj =
N i=1 ij

yijk { log ηjk

(t)

v 

(18)
Where Ψ(·) is the digamma function. Considering the constraints in Eq.(2) and Eq.(6), the prior distribution πj , and the
weighting factor ηjk at the (t+1) step are calculated by:

1
D
D
vjk
)
− log(2π) − log |Σjk | + EΘ (log uijk ) − log Γ(
2
2
2
2
vjk
vjk
vjk
vjk
+
log
+(
− 1)EΘ (log uijk ) −
EΘ (uijk )}}
2
2
2
2
(13)
Following [8], we have:
EΘ (uijk ) = uijk =

+ log

+ψ

Where G(·) is the Gamma distribution. Given the Student’s-t
distribution in Eq.(12), the objective function J(Θ) in Eq.(9)
is written in the form.

i=1 j=1

jk

2



S(xi |μjk , Σjk , vjk ) ∼
(12)
Φ(xi |μjk , Σjk /uijk )G(uijk |vjk /2, vjk /2)

J(Θ) =

v 

ηjm S(xi |μjm , Σjm , vjm )

Note that, there is no closed form solution for maximizing
the log-likelihood under a Student’s-t distribution. To overcome this problem, the Student’s-t distribution in previous
models [8, 9] is represented as a Gaussian distribution with
scaled precision u. The Student’s-t distribution in our method
is rewritten by:

K
N 


(t)

The estimates of Σjk at the (t+1) step:

in Eq.(10) at the iteration

πj p(xi |Ωj )

(t)

zij =

(t) (t)

zij yijk uijk xi

i=1

+ EΘ [log S(xi |μjk , Σjk , vjk )]}}
(t)
zij

i=1
N



2
(15)
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ground truth distributions in Fig. 1(b) remains quite high. The
proposed method, as shown in Fig. 1(e), is more accurate as
compared to other methods with the lowest misclassiﬁcation
ratio (MCR) [4].

Fig. 1. The simulated point set experiment, (a): Original data,
(b): Ground truth distribution, (c): GMM (MCR=1.10%), (d):
SMM (MCR=1.08%), (e): Proposed Method (MCR=0.04%).
In Fig. 2, we show the segmentation results of a realworld color image from the Berkeley’s image segmentation
dataset. The original image, as shown in Fig. 2(a), was segmented into three labels: water, sky, and other. Extraction
accuracies of the GMM, SMM, and our methods are shown
in Fig. 2(b) to Fig. 2(d). As shown in Fig. 2(b) and Fig.
2(c), the segmentation accuracies for GMM and SMM methods are quite poor. The edge between the water and the other
is lost. A closer inspection of the water area (look into the
marked box) indicates that a small portion of pixels have been
misclassiﬁed. The proposed method in Fig. 2(d), can better
classify with more detail as compared with other methods.

Fig. 2. Color natural image segmentation, (a): original image,
(b): GMM, (c): SMM, (d): Proposed Method.
In the ﬁnal experiment, one real brain image (IBSR01,
slice=50), from the Center for Morphometric Analysis at
Massachusetts General Hospital (http://www.cma.mgh.harvard
.edu/ibsr/data.html), is used. The ground truth image is shown
in Fig. 3(b). As seen from these results, the effect of noise
on the ﬁnal segmented image of GMM (MCR=29.06%) and
SMM (MCR=28.53%) is high. We can see that many details
are lost. Again, compared with other methods, the proposed
method has the lowest MCR.

Fig. 3. The real brain image experiment, (a): Original image
(IBSR01, slice=50), (b): Ground truth, (c): GMM (MCR=
29.06%), (d): SMM (MCR= 28.53%), (e): Proposed method
(MCR= 19.73%).

276

5. CONCLUSIONS
We have presented a new non-symmetric mixture model for
image segmentation in this paper. The distribution of our
method has a non-Gaussian and non-symmetric form. Each
label is modeled with multiple D-dimensional Student’s-t distribution, which is heavily tailed and more robust than Gaussian distribution. The advantage of the proposed distribution
is that it has the ﬂexibility to ﬁt different shapes of observed
data. Our model can be used for analyzing both univariate and multivariate data. EM algorithm is adopted to maximize the data log-likelihood and to optimize the parameters.
The proposed method has been tested on various data types,
thereby demonstrating the excellent performance of the proposed model in segmenting the images.
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